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Objectives

» Use the Gen and Inst rules fo infroduce polymorphic types.
» Explain the ¥ syntax in type signatures.
» Explain the type difference between let and function application.

» Draw some proof trees for polymorphically typed programs.
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The Language

» We are going to type A-calculus extended with 1et, if, arithmetic, and comparisons.

Ax.L

LL

let x=Lin L

if [ then L else L fi

>

E&GE
E|E

abstractions
applications

let expressions

if expressions
expressions
variables

integers

booleans

integer operations
infeger comparisons
boolean and
boolean or
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Remember the Let Rule?

» Remember this rule for 1let :

'Hej:o NUix:o]lkea: T
I'Hletx=ejiney: 7T

LET

» We cannot type check things like this:
1let £ = \x => x in (f "hi", f 30)
> What is the type of id here?

1id x = x
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Type Variables in Rules

A monotype T can be a
» Type constant (e.g., Int , Bool, etc.)
» Instantiated type constructor (e.g., [Int], Int — Int)
> A type variable o

A polytype o can be a
> Monotype 7
» Qualified type Va..o

1{-# LANGUAGE ScopedTypeVariables #-}

2id :: forall a . a -> a
3id x = x

» The UniodeSyntax extension allows us to put V directly in the source code.
id :: Va.a->a
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Monotypes and Polytypes

1 —— Some Haskell polytype functions
chead :: forall a . [a] -> a

slength :: forall a . [a] -> Int -- sortof
4id :: forall a . a -> a
smap :: forall a b . (a ->b) -> [a]l] -> [b] - sortof

» In HASKELL, the forall part is implicit at the top level!
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Some Rules

» Monomorphic variable rule: » Polymorphic variable rule:

WVAR,WXITGF mVAR,le:UEF

P The function and application rules are the same as before.

I'Fep:ar =« They:an App Fu{x:ai}Fe:a
I'Fejey : I'FXxe:ap — as

ABS
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Leveling Up Let

» Hereis the old 1et rule again.

FUx:mi)kFex:m T'kter:m
I'Fletx=ejines : 1

LET

» Here is our new one.

F'Ulx:o1|Fea:m T'Fey:o
I'Fletx=ejines:m

LET
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Gen and Inst
Gen
% , where acis not free in I"
Example:
' Xxx:a— « GEN
I'F Mx: Voo — o
Inst
The:o /
I'Fe:o  wheno' = o
Example:

I'kid:Va.ao — «
I'+id: Int — Int

INST
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Type Hierarchy

» Whatiso > ¢'?

» We can get o’ from Va.o by consistently replacing a particular o with a monotype 7 and
removing the quantifier.

v

Type variables in the result that are free can be quantified.

> Examples:
Voa.oo — « > Int — Int
Va.oo — o« > Bool — Bool
Va.a > a>VE.8—=

t

» Nonexamples:

Voa.oo — « > Int — Bool

Va.ao — o > o — Bool

Va.ao — a > VE.0 — Int
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To prove:

I'={id :Va.aa » a,n :Int } Fid n

: Int
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Example 1

I'id : Int — Int INST I'kn :Int v/::P

I'={id :Va.a > a,n : Int } Fid n : Int
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Example 1

I'Fid :Va.a — « VAR Va.ao — o > Int — Int
INST ———=— VAR

I'Fid : Int — Int I'Fn :Int App
I'={id :Va.aw - a,n : Int } Fid n : Int
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To prove:

'={}F let f = Axxin f:Va.a = «

LET




Introduction Polytypes Examples

[e]e]e} (e]e] oe
0000 000

Example 2

To prove:

{x:a}lkFx:a VA:
{IFMx:a—a BGS v
{} F Mxx :Voa.a — « EN {f:Va.ao = a} Ff:Va.a — « LAR
ET

F={}F let f = Axxin f:Va.a > «
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A Weird Thing about Let and Functions

» The two following expressions would seem to be equivalent, yes?
» Expression 1:

1let £ =\ x -> x in (f "hi", £ 10)
» Expression 2:
1(\f => (f "hi", £ 10)) (\x -> x)

» Try this at home and see what happens!
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What Happens ...

» What's going on here?
1Main> let f = \x => x in (f "hi", f 10)

> ("hi",10)
sMain> (\f -> (f "hi", £ 10)) (\x -> x)

5 No instance for (Num [Char]) arising from the literal €10’
6 In the first argument of ‘f’, namely €10’
7 In the expression: f 10

8 In the expression: (f "hi", f 10)
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Type Checking the Troublemaker

» Add pairs to our list of type constructors.
» Type check this:

7 O (& A" £ 10)) (O %) : (String,Tat) PP

» And then type check this:

{}Fletf = (Ax.x)in (f "hi",f 3) : (String,Int) Let
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